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MATHEMATICS 
APPENDIX TO "EXTENDED TOPOLOGY: DOMAIN FINITENESS" 
BY 
PRESTON C. HAMMER 
(Communicated by Prof. A. C. ZAANEN at the meeting of February 23, 1963) 
For the definitions and notations used in this appendix we refer to 
the paper mentioned in the title which was published in these Proceedings 
66, p. 200. 
In this appendix, we indicate two ways in which results of the paper 
may be extended to deal with situations not directly to be considered 
as applications of our theory. In the first way, we consider domain 
finiteness of transformations from one class of sets to another, and in 
the second we define finitely determined set properties. These finitely 
determined set properties permit us to obtain the existence of a unique 
minimal intersection basis for the class of all abelian subgroups of a 
group for example. 
I. Domain Finite Set-valued Transformations 
Let .A be the class of all subsets of space M and let .A o be the class 
of all subsets of a space Mo. Let t map .A into .Ao. Then t is domain 
flnite, provided that for each X E .A 
tX =U{tY: Y ~X, Y finite}. 
We will not state all the results concerning such transformations but 
give a few to indicate what may be done. The set-valued transformations 
induced by element-valued transformations from M to Mo are universally 
additive. This is an important fact in studying continuity. 
Let t be a domain finite transformation. Then tis isotonic and if {Xa} 
is a subclass of .A which is linearly ordered by inclusion, then t(UXa) = 
= utXa. If q E M 0 and q ¢:. tX for X E .A then there exists at least one 
maximal superset Y of X such that q ¢ tY. Let ~(X) be the subclass of .A 
comprised of M and all maximal supersets Yq of X for each q ¢:. tYq, 
q E M 0 • Then tX = n{tY : Y E ~(X)}. The function v mapping .A into 
itself given by vX = n{Y : Y E ~(X)} is a closure function and tv= t. 
The union of any family of domain finite transformations is domain 
finite, and the intersection of a finite family is domain finite. Moreover, 
if t is domain finite and f is a domain finite function mapping .A into 
itself, tf is domain finite. 
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II. Finitely Determined Set Properties 
A set property P in Jt determines (and is determined by) a division 
of Jt into two classes, {P} comprised of sets with the property P and 
Jt-{P}. 
A set property P is said to be finitely determined, provided there exists 
a subclass / of Jt comprised of finite sets such that X E {P} if and only 
if X~ Y, Y E /implies Y E {P}. If Pis finitely determined, then clearly 
{P} is hereditary, and if {P} is not empty then N E {P}. Hence, in par-
ticular, {P} contains the intersection set of each of its subclasses. A sub-
class ~ of Jt is said to have the maximal property, provided it contains 
the union of each of its subclasses which is simply ordered by inclusion. 
Theorem l. Let P be a finitely determined set property. 
Then {P} has the maximal property. Hence, there exists a unique 
minimal intersection basis for {P}. 
Proof. The first statement is well known. The minimal intersection 
basis for {P} is comprised of all maximal sets in {P} and all maximal 
sets in {P} which exclude single points. Then, for X E {P} if X is maximal, 
then X= n{X}. If X is not maximal, then there is to each p EM -X 
a maximal superset Y P of X in {P} such that p EM- Yp. Then 
X= n{Yp : p EM -X}. Since {P} is hereditary, it is closed under inter-
section, and hence the class of sets described forms an intersection basis 
for {P}. No one of these sets can be represented as an intersection of a 
class of sets in {P} which does not contain it as a member. Hence, the 
minimal intersection basis exists. Q.E.D. 
Theorem 2. 
l. Let ~a be a subclass of Jt with the maximal property for each 
a E A, an index set. Then~= n{~a} also has the maximal property. 
2. Let ~i be a subclass of Jt with the maximal property for each 
i = l, ... , n. Then ~ = u~ i also has the maximal property. 
3. If ~ is a subclass of Jt which has the maximal property and is 
closed under intersection of its subclasses, then there exists a 
unique minimal intersection basis for ~. 
Proof. We will prove only part 2. 
Let X E ~ = u~i· Let {X.,} be a complete ascending well-ordering of 
sets in~ with X1=X. If {X .. } is a finite class, then, say, Xm is its maximal 
element and Xm E ~. Otherwise, {X .. } is infinite. Then there is an integer 
j;;;;.n such that the suborder {X .. '} of {X .. } comprised of sets X .. ' E ~i 
has the property that uX .. ' = uX ... But then uX,,/ E ~i ~ ~ and hence 
~ has the maximal property. Q.E.D. 
Corollary. There exists a unique minimal intersection basis for 
the class of all abelian subgroups of a group. 
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Proof. Let ~o be the class of all subgroups of a group M. Let X E {P} 
if and only if p, q EX implies pq = qp. Then {P} is finitely determined, 
and ~0 has the maximal property and is closed under intersection. Hence, 
~=~on {P}, the class of all abelian subgroups of M, has the maximal 
property and is closed under intersection. Therefore, there is a unique 
minimal intersection basis for ~- Q.E.D. 
Of course, these theorems apply to many other classes such as the 
subfields of a skew field and the abelian subsemigroups of a semigroup. 
One may also consider the class of all subsets of M closed with respect 
to a binary operation and then obtain the existence of a minimal inter-
section basis for the class of sets on which the operation is associative, 
and so on. 
The reader will find an excellent discussion and comparison of maximum 
principles in JoHN L. KELLEY, General Topology, D. Van Nostrand, 
New York (1955), Chapter 0. 
